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Motivation and Recap



Observation:

x

y

b
φ

There is a large momentum anisotropy:

v2 ≡
〈
p2
x − p2

y

〉〈
p2
x + p2

y

〉 ≈ 20%

Interpretation

• The medium responds as a fluid to differences in X and Y pressure gradients



Hydrodynamics:

mfpl

AuR

• For hydrodynamics need:

`mfp

RAu
� 1

• How to define `mfp ?

`mfp ∼ η

e+ p
e+ p = sT

Condition:

η

s︸︷︷︸
Medium Property ∼1/α2

s

× 1
RT︸︷︷︸

Experimental Property ∼1/2

� 1

Need η/s <∼ 0.3 to have hydro at RHIC



What does η/s < 0.4 mean theoretically?

• Perturbation theory: (Baym and Pethick. Arnold, Moore, Yaffe)

– Kinetic theory of quarks and gluons + soft gauge fields + collinear emission

η

s
' 0.3

(
0.5
αs

)2

• N = 4 Super Yang Mills at strong coupling (Kovtun, Son, Starinets, Policastro)

– No quasi-particles.

η

s
=

1
4π

=⇒ Conjectured Lower Bound

The experimental results are within a factor of a few of the KSS bound

Check with other measurements!



Energy Loss of Fast Partons – Cartoon
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Initial Spectrum

Equilibrium Spectrum

• Power law initial spectrum:

dN

dpT
∝
(

1
pT

)10

• Exponential equilib. spectrum:

dN

dpT
∝ e− pT

T

The initial spectrum will lose energy and approach the equilibrium spectrum

Tells something about density and interaction rates



Data on π0 pT spectrum
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Will the charm quark thermalize?

• In collaboration with Guy Moore

θδ
T

T mp~

m
T~θδ

• The collision only scarcely changes the direction of the charm quark

• The charm quark undergoes a random walk suffering many collisions provided

`m.f.p � L

m
T kick ~ N

2
)θδ (kick ~ N

2
)θ∆(



m
T kick ~ N

2
)θδ (kick ~ N

2
)θ∆(

• For equilibration we need:

(∆Θ)2 ∼ 1 or Nkick ∼
M

T

• Thus for charm equilibration we have:

τcharm
R ∼ M

T
τ

light
R

∼ M

T

η

e+ p

It takes a longer time to equilibrate charm.

If you think you know η you should be able to compute the charm spectrum.



The goal of this lecture!



Heavy Quark Production in pp – (not really my business)

• Input heavy quarks from M. Cacciari, P. Nason, R. Vogt

• Quick review here based on talks by Matteo Cacciari

• Nothing to it – right?NLO implementation of factorization theorem

Leading order diagrams

(Some of the) Next-to-Leading order diagrams
Nason, Dawson, Ellis, NP B327 (1989) 49,  NP B303 (1988) 607
Beenakker, van Neerven, Meng, Schuler, Smith, NP B351 (1991) 507

This is still the state of the art for fixed order perturbative calculations, and 
should be the building block of all phenomenological predictions:

- it incorporates in a rigorous manner production “channels” like flavour excitation
   and  gluon splitting which Monte Carlo or  ‘improved’ leading order calculations 
   have to include by hand  (beware MC tunes and recipes!!)

- it allows a rough estimate of the theoretical uncertainty

‘flavour excitation’

No need to have,
e.g., charm in the 

proton



A lot more to it actually:

c
c

• A NLO calcuation gives the init. condits for the charm structure function

c̄

c

Starts to be dominant around RHIC energies



Fragmentation

D

e+ e−

D̄
x = PH

Pjet

• The D is born with a fraction of the quark momentum: 1
σ
dσ
dx = D(x)

• A NLO calcuation a heavy quark fragmentation function

x = PH
Pjet



Hadronization of c→ D

Non-perturbative fragmentation

Charm Bottom

O(!/mcharm)
O(!/mbottom)

e+e− → QX → HQX

pQCD

non-perturbative
contribution

non-perturbative contribution limited in size and compatible with expectations

high-accuracy expt. data allow it to be precisely determined

Matteo Cacciari Heavy Quark Production ISMD 2007

These fragmentation functions are very well known.



Finally decay into an electron: D → K∗eν

• The electron produces ringed light in the RICH

Electrons and Heavy Quark at PHENIX Detector 3

2. Electron Measurement and Extraction of Heavy Quark Con-
tribution.

2.1. PHENIX Apparatus and Electron Identification.
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Figure 1: PHENIX central arm apparatus used for electron identification.

The PHENIX detector has two central arms spectrometers (Fig.1) covering a
pseudo-rapidity |η| < 0.35 and azimuthal angle ∆φ = 2× π/2. The total geometri-
cal acceptance is 35%. A very important advantage in PHENIX central arms is the
small amount of material. The total radiation length is X0 = 1.1% with Multiplic-
ity Vertex Detector (MVD), during Run1-3, and X0 = 0.4% without MVD, from
Run4 until now.

The collision is triggered by a Beam Beam Counter (BBC, 3.1 < |η| < 3.9) and

Table 1: Integrated luminosity used in each electron analysis at PHENIX.

Run Projectile Integrated
Luminosity

Run3 p+p 350 nb−1

Run3 d+Au 2.74 nb−1

Run4 Au+Au 241 µb−1

Measure the Cerenkov Ring w. Ring Imaging Cherenkov Detector



Measured electrons and comparison with FONLL

6 C. L. Silva for the PHENIX Collaboration

• φ/π0 = 0.40± 0.12

The spectrum obtained in this method agree whitin 20% for all pT range in η
and φ yield measured at PHENIX . Direct photons [ 29] and kaon measurements
[ 30] at PHENIX are used in the γ and kaon decay generator. All electron source
cocktail result are shown in figure 3.

]
2
 

/G
e

V
3

 [
m

b
 c

3
/d

p
3
!

E
 d

-810

-7
10

-610

-510

-4
10

-310

-2
10

-1
10  ) / 2- + e

+
( e

Data

Cocktail Total

Cocktail components:
-e+e" # 0$

 conversion"
-e+e" # %
-e+e" #’ %

-e+ e# &
-e+e0$ # ' and -e+ e# '

-e
+

e% # ( and -e
+

 e# (

 conversion"Direct 

 decay
e3

Kaon K

 [GeV/c]Tp
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

R
e

la
ti

v
e

 C
o

n
tr

ib
u

ti
o

n
 t

o
 C

o
c

k
ta

il

-310

-210

-1
10

1

-e+e" # 0$

 conversion"

-e+e" # %

-e+e" #’ %

-e+ e# &

-e+e0$ # ' and -e+ e# '

-e
+

e% # ( and -e
+

 e# (

 conversion"Direct 

 decaye3Kaon K

(a) p+p data [ 31] (b) Au+Au preliminary data

Figure 3: Inclusive electron spectrum and relevant electron sources.

2.3. Converter Method.

The conversion method is based on the installation of additional material for a short
period of each Run for photonic source estimation. The ”electron converter” is a
thin brass tube (1.7% X0) surrounding the beam pipe at 29cm.

The electron yields without (NConv−out
e ) and with (NConv−in

e ) the converter
from photonic (Nγ

e ) and non-photonic (Nnon−γ
e ) source are :

=⇒
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Theoretical prediction vs electron spectrum

The slope of the charm and bottom 
contribution is fairly similar: the crossing 
point easily moves, though the relative 
contributions are less affected by 
uncertainties

NB. Especially for bottom the 
transverse momentum is small: all the 
further uncertainties previously 
mentioned can apply



Heavy Quarks

x

y

The heavy quarks will either relax to the thermal spectrum and show the same v2

as all thermal particles or not depending on the typical relaxation times.



Langevin description of heavy quark thermalization:

• Write down an equation of motion for the heavy quarks.

dx

dt
=

p

M
dp

dt
= − ηDp︸︷︷︸

Drag

+ ξ(t)︸︷︷︸
Random Force

• The drag and the random force are related

〈ξi(t)ξj(t′)〉 =
κ

3
δij δ(t− t′) ηD =

κ

2MT

κ = Mean Squared Momentum Transfer per Time

• Einstein related the diffusion coefficient to the mean squared momentum transfer

D = 2T 2/κ

All parameters are related to the heavy quark diffusion coefficient or κ



Computing κ in the perturbative QGP:

• κ is the mean squared momentum transfer per unit time:
2

)q,ω(

p p’

2

)q, ω(

p p’

κ =
∫
p,p′,q

q2

[
f(p)(1 + f(p′))

∣∣∣Mglue

∣∣∣2 + f(p)(1− f(p′))
∣∣∣Mquark

∣∣∣2]
• Radiation of the heavy quark line is suppressed by the velocity: v2 ∼ T

M

• See also Sevitsky, Braaten and Thoma

We did it

κ ∼ T 3λ2 log
(
T

mD

)
λ = g2N



Perturbative estimate of the diffusion coefficient

D =
2T 2

κ
=

36π
CF g4T

[
Nc

(
ln

2T
mD

+
1
2
− γE +

ζ ′(2)
ζ(2)

)]−1

• Expectations:

τR =
1
ηD

=
M

T
D ∼ M

T

η

e+ P
So D ∼ η

e+ P
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D ∼ 6 η
e+P



Application to Heavy Ion Collisions

• Generalize to mildly Relativistic quarks.

– Assumes weak coupling.

– Neglect radiative energy loss. The quark is not ultra-relativistic

γv <∼
1
αs

mD

T
∼ 6

– Assumes a definite form for fluctuations

• Modeling

– Input spectrum of charm and bottom quarks – from Cacciari e.t. al

– Hadronize according to measured fragmentation functions

– Electrons from charm and bottom semileptonic decays measured

– Can not separated the charm and bottom contributions



Summary

1. Hard to reproduce the elliptic flow

and suppression at the same time.

2. From the suppression pattern, we

estimate that

D <∼
12

2πT

Order of magnitude consistency of

transport coefficients

D ∼ 6
2πT ⇔ η

s = 2 1
4π



Generalization to Relativistic Quarks



Radiation versus Collisions:

X

P
 TsQ ~ g

P’

K

Energy : k0 = p0 − p′0 = v(p− p′)
Momentum : k = p− p′ − q

=⇒ k ≤ qv
1−v ∼ v(gsT )/(1− v)

• The Energy loss rate is:

dE

dt
∼ qv/(1− v)︸ ︷︷ ︸

Bremmed Energy

× g2T︸︷︷︸
Scattering Rate

× g2
s︸︷︷︸

Penalty

∼ (γv) g5 T 2



Radiation versus Collisions:

X

P
 TsQ ~ g

P’

K

2

)q, ω(

p p’

• Collision E-Loss Rate: ∼ T (g4T )

• Bremsstrahlung E-Loss Rate: ∼ (γv)g5T 2

• Thus collisions dominate loss until the heavy quark is ultra-relativistic:

(γv) ∼ 1
g

• For QED radiation dominates for: γv ∼ 750. Could expect γv ∼ 7 for QCD.

I neglected radiation – not too good!



Relativistic Langevin:

• Write an equation of motion for the heavy quarks with drag and kicks.

dpi

dt
= −ηD(p)pi + ξi

• We may replace the interaction by a random interaction

〈ξi(t) ξj(t′)〉 = δtt′
[
κL(p) p̂ip̂j + κT (p) (δij − p̂ip̂j)]

Before After

Lκ
Tκ

Go use kinetic theory to compute momentum dependence



Summary of drag coefficient as a function of momentum
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Kinetic Theory

1. The relaxation time grows with pT
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2. The relaxation time is independent of pT
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Computing heavy quark diffusion coefficient

• Compute at weak coupling→ Kinetic Theory

• Lattice→ Hard

• Compute at strong coupling→ Model theories – AdS/CFT

Extrapolate to reality.



Giving the diffusion coefficient a rigorous definition

• Heavy Quarks are Quasi Classical

λde Broglie ∼
~√
MT

� ~
T

• Compare the Langevin process to the microscopic theory

Langevin
dp

dt
= −ηDp+ ξ(t)

Microscopic Theory
dp

dt
= F(t,x) = qE(t,x)

• Match the Langevin to the Microscopic Theory

Langevin

κ =
∫
dt 〈ξ(t) ξ(0)〉

Microscopic Theory

κ =
∫
dt 〈F(t,x)F(0,x)〉HQ

Diffusion Coefficient↔ Electric Field Correlator



Computing κ – Kinetic Theory vs. Correlators

• κ is the mean squared momentum transfer per unit time:

2

)q, ω(

p p’

=⇒ κ =
∫
p,q

q2 n(p)(1+n(p′))
∣∣∣Mglue

∣∣∣2

• κ is an Chromo-electric field correlator (+ Wilson Lines):

=⇒ The Same Thing



Beyond leading order (Guy D. Moore and Simon-Caron Huot)

(only transport coefficient known at NLO)
Needed diagrams and rules

Double line: Wilson line:

• Integrate over times of vertices, but in time order shown

• All at same spatial point

• Vertices on ends: piA0

• Vertices in middle: A0

15

1. Perturbation theory in:

gs ∼ mD

T
NOT αs =

g2
s

4π

2. Schematically:

κ︸︷︷︸
diffusion rate

= (g4T 3)
[
C0 log

(
T

mD

)
+ C1︸ ︷︷ ︸

leading order

+C2
mD

T︸ ︷︷ ︸
NLO

]



(Guy D. Moore and Simon Carot-Huot)
Coupling dependence: 3-flavor QCD

0

0.1

0.2

0.3

0.4

0.5

0.6

0.5 1 1.5 2 2.5

0.050.01 0.40.30.20.1

κ
/g

4
T

3

gs

αs

Next-to-leading order (eq. (15))
Leading order (eq. (4))

Truncated leading order (eq. (5))

Perturbative expansion looks very bad.
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Perturbation theory fails for kinetics even for T = MZ . More Resummation?



Computation inN = 4 Super Yang Mills (DT, J. Casalderrey; Herzog et al)

Boundary

 xδ

 tδ

time

1t

2t  tδ

 xδ

space

W [δx]

=⇒

Bulk

r=0 0r ∞r=

Scl[δx]

κ =
√
λπT 3 λ = g2N



QCD Guesses: Strong Coupling

• Strong Coupling: N = 4 SUSY. λ ≈ 5↔ 20

D =
2T 2

κ
=

1√
λ

4
2πT

−→ D ' 1.0↔ 2.0
2πT

• Weak coupling (Aleski Vuorinnen)

2 gluons + 6 scalars + 8 fermions 6= 2 gluons

DQCD

DSYM
=

6

1 + Nf

2Nc

≈ 4

• Best guess for QCD from strong coupling

D ≈ 4.0↔ 8.0
2πT

Compare to weak coupling best guess D ≈ 6/(2πT )



Heavy Quark Diffusion is Parametrically Small

D =
1√

g2
YMNc

4
2πT

η

e+ p
=

1
4πT

c N
YM
2g

Transport

/(e+p)η

D



Constraint On The Heavy Quark Mass

• To treat the heavy quark as a quasi-classical quasi-particle we need

τR � ~
T

• Then we have

τR ∼ M

T
D D =

2√
λπT

• This leads to a constraint on Mass/String Length

M � πT

2

√
λ L� ro

• Substituting numbers we have

M � 1.7GeV

(
T

0.250 GeV

) (
αSYMN

1.5

)1/2



Summary

• Perturbative QCD Estimates

D ≈ 3↔ 12
2πT

• Best guess for QCD from strong

coupling

D ≈ 4.0↔ 8.0
2πT



Conclusions

• Order of mag. diffusion coefficient is consistent hydro transport coefficients.

• Getting to the data requires a significant modeling

– b c crossing

– Momentum dependence of kinetic coefficients

– . . .

• Computed diffusion coefficient both perturbatively and at strong coupling:

D ≈ 3↔ 12
2πT︸ ︷︷ ︸

Weak Coupling

and D ≈ 4↔ 8
2πT︸ ︷︷ ︸

Strong Coupling


